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ABSTRACT
The object of the preset paper is to establish a result of Double Dirichlet average of M - function [14] by using
fractional derivative.
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INTRODUCTION

Carlson [1-5] has defined Dirichlet average of functions which represents certain type of integral average with respect
to Dirichlet measure. He showed that various important special functions can be derived as Dirichlet averages for the
ordinary simple functions likext,e* etc. He has also pointed out [3] that the hidden symmetry of all special functions
which provided their various transformations can be obtained by averaging x™,e* etc. Thus he established a unique
process towards the unification of special functions by averaging a limited number of ordinary functions. Almost all
known special functions and their well known properties have been derived by this process.

Recently, Gupta and Agarwal [9, 10] found that averaging process is not altogether new but directly
connected with the old theory of fractional derivative. Carlson overlooked this connection whereas he has applied
fractional derivative in so many cases during his entire work. Deora and Banerji [6] have found the double Dirichlet
average of e* by using fractional derivatives and they have also found the Triple Dirichlet Average of x' by using
fractional derivatives [7].

In the present paper the Dirichlet average of M — function [14] has been obtained.

DEFINITIONS
Some definitions which are necessary in the preparation of this paper.

Standard Simplexin R*,n > 1:

Denote the standard simplex in R, n = 1 by [1, p.62].
E=E,= {S(ulluz,un) U 20,..u, 20, Uy tuy +tu, <1}

Dirichlet measure:

Letbh € C*, k > 2 and let E = E,_, be the standard simplex in R¥~1. The complex measure y, is defined by E[1].
1 _ Bp_— -
du,(u) = Wufl ! Tt Y= uy — = upog) bty - du_,
Will be called a Dirichlet measure.
Here

r'(by)...T(by)

F(b1 + A + bk)’
Cs = {Z €z:z+#0,|phz| < ”/2},

Open right half plane and C-k is the k" Cartesian power of C.,

B(b) = B(b1,..bk) =
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Dirichlet Average[1, p.75]:

Let Q be the convex set in Cs, let z = (zy, ..., z,) € QX k > 2 and let u. z be a convex combination of z, ..., z,. Let
f be a measureable function on Q and let p, be a Dirichlet measure on the standard simplex E in R*~*.Define

F(b,z) = ff(u z)d pp, (u) (2.3)
E
F is the Dirichlet measure of f with variables
z = (24, ..., z) and parameters b = (b, ... by).
Here
k
u.z= Zuizi andup =1 —uy — = — Up_q.

i=1

If k = 1, define F(b,z) = f(2).

M — function[14] :

We give the new special function, called M — function, which is the most generalization of New Generalized
Mittag-Leffler Function . Here, we give the notation and the definition of the New Special M — function,
introduced by the author [14] as follows:

gl Z (@dn (@) P (8)p kP o kZ (ct)mIa=F-1
Pq L (b)y(bg), (P I lg IT((n+y)a —B)
There are p upper parameters a; a, ...a, and q lower parameters by b, ...bg,a, B, v,8,p € C,Re(a) > 0, Re(f) >
0, Re(y) >0, Re(8) >0, Re(p) >0, Re(ay — ) > 0and (a;), (b;), are pochammer symbols and ky, ...k,
Ly, ...l are constants. The function (1) is defined when none of the denominator parameters b;s, j = 1,2,...q is a
negative integer or zero. If any parameter a; is negative then the function (1) terminates into a polynomial in (t).

(2.4)

Fractional Derivative [8, p.181]:
The theory of fractional derivative with respect to an arbitrary function has been used by Erdelyi[8]. The most common
definition for the fractional derivative of order « found in the literature on the “Riemann-Liouville integral” is

1 z
DYF(z) = mf F(t)(z—t)"*dt (2.5)
Where Re(a) < 0 and F(x) is the form of x? f (x), wheroe f(x) is analytic at x = 0.

Average of M-Function (from [4]):
let u® be a Dirichlet measure on the standard simplex E in R*=1; k> 2. For every z € C*

S, z) = f “'B'y'g'ngl""kp'll""lq;c (u, z; v)du, (u) (2.6)
E
Ifk=1S=(bz)=M (uzv).

Double averages of functions of one variable (from [1, 2]): let z be a k X x matrix with complex elements z;;. Let
u = (Uy,...u)and v = (vy,...v) be an ordered k-tuple and x-tuple of real non-negative weights Y u; =
1and Y v; = 1, respectively.

Define

kK x
U.zZ.v = ZZuizuvj (27)

i=1 j=1
If z;; is regarded as a point of the complex plane, all these convex combinations are points in the convex hull of
(211, - Zkx), denote by H(z).

Let b = (by, ... b,)be an ordered k -tuple of complex numbers with positive real part (Re(b) > 0) and similarly for
B=(py, -.- Bx)- Then we define dp, (w)and du, (v).
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Let f be the holomorphic on a domain D in the complex plane, If Re(b) > 0, Re(B) > 0andH(z) < D, we define

P28 = || £z, dy iy ) 28)
Corresponding to the particular function coshx, ztand e?, we define,
5,28 = [[ M 2,05 0y ) diy (0) 29
R, 28 = [[ Gu2,0)tm, 0 diny @) (2.10)
(b2, = [[ @y ) dity @) @2.11)

Main Results and Proof
Theorem: Following equivalence relation for Double Dirichlet Average is established for (k =x =2) of M -
Function
T'(p+p' _ g
S 'z p,p") =—(prpp ) (x =yt D BT e () (e (3.1)
Proof:
Let us consider the double average for (k = x = 2 of “'B'y'5'§M:1""kp’ll'"'lq‘c(u.z. )

I ’ B.v.5, K1, kply,.lg;
Swu'szp,p') = ffaﬁy oM, T (u,2,v) dm, ,(Wdm, , v)

~ i (@) - (@) P (8)p kT kD (c)m+1Ia=F-1
- n=o (by)n - (bq) (®)n ln ln n! F((TL +y)a— :8)
Re(u) = 0,Re(u’) = 0,Re(p) > 0, Re(p’) > Oand

Uz.v= ZZ(U z;v)) = Z[u (ziyvy + 2;2v5)]

i=1i=1
= (129101 + Uy Z1pV; + u2221771 + UpZp, V5]

11
ff u. z.v] b gm, w Wdm, 1 (v) (3.2)
00

=u, u,=1—u
letz,, =a,z,, =b,2,; =,z —dand{ 2
11 12 21 22 v, =, v,=1—v

thus z = [a b]
vizv=uva+ub(l—v) + (1 —wecv+ (1 —uw)d(1l —v)
=uwva—-b—c+d)+ub—d)+v(c—d)+d

T(p+u) - "~
dm##r(u) = Wu” 1(1 — u)" 1du
T'p+p") '
, — p—1 1-— p -1
dmp‘p (v) Ty vP7H( v) dv

Putting these values in (3.2), we have,

[(u+ )T +p") i (@n - (@), Wn (8) kI kB (c) ¥V

S(u,u';z;p,p") = T
o t320,0) =~ —or (b (bg), O L1 niT((n+1)a— B)

X f f[uv(a —b—c+d)+ulb—d)+v(c—d)+d]"a-B-1nyu-101 _yu'~1pp=1(1

—v)? Ldudv
In order to obtained the fractional derivative equivalent to the above integral, we assume a = ¢ = x; b = d = y then
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P+ )T+ p) s @ (@p) D (8) k2 k2 (c)W+1Ia=h-1
TuTy  Tplp’ (b - (bg),  (PIn 1f 17 nIT((n +1)a = B)

n=o

S, 'z p,p") =

11
X f f[uv(x —y) + y]rIa-B=1u-1(1 — )W ~1pP=1(1 — p)P "L dudv
00

T+ p) e @n (@), Wn (8) K okl () W#P a1
Cplp’ Li (b ...(bq)n P 72 T ((n +y)a — B)

S, u';z;p,p")

1
X J[uv(x —y) + y|rm+vIa=f-1,p-1(1 v)p'_ldv
0

Putting v(x — y) = t, we obtain

T(p+p") 2 (a)y - (ap)n n (6), k} k2 (c)m+ra=p-1
CoTp' La (b)n (b)), (P If 1§ nIT((n+1)a = pB)

x-y

t \P! t V1 dt
x | [y+t]tne-p-t ( ) (1 - )
f Y xX—y x—y (x-y)

0

S, u';z;p,p") =

x=y

(oo}

CT+p) 0 @n (@), D () kg (c)UrnIasB
= ), b (be), O B nT (4 a—p))

+ ] aB1 ()P (x — y — )P Adt
On changing the order of integration and summation, we have

x=y
F + ! r lg; r
S u';z;p,p") = —(Fpprp/f  (x = yyes f “hrSom Py 46 (P -y — )P dt
0
Using definition of fractional derivative (2.4), we get
. ~ Tlp+p") IV 5.0 K ly wlgic _
S '3 2 p,p) = ————(x — y) PP DL, WFVOEM I () (3 — )P

I'p
This is complete proof of (3.1).
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